Let Σ be a compact orientable surface of genus g = 1 with n = 1 boundary component. The mapping class group Γ of Σ acts on the SU(3)-character variety of Σ. We show that the action is ergodic with respect to the natural symplectic measure on the character variety.
Introduction
Let K = SU(3) and consider the commutator map
Let F 2 be the free group of two generators. Then Aut(F 2 ) acts on the set Hom(F 2 , K) ≈ K × K . The quotient of Out(F 2 ) ∼ = GL(2, Z) acts on the quotient Hom(F 2 , K)/Inn(K), where Inn(K) is the group of inner automorphisms of K. The index two subgroup Out + (F 2 ) corresponding to SL(2, Z) ⊂ GL(2, Z) acts on M C := κ −1 (C)/Inn(K), for each conjugacy class C ⊂ K.
This paper is part of the general program to understand the dynamics of the action of mapping class groups and automorphism groups of free groups on moduli spaces of flat bundles (or, equivalently, character varieties). Suppose that K is a compact Lie group. Suppose that Σ := Σ g,n is an orientable surface of genus g > 0 with boundary of n disjoint circles. Let M C (K) be its K-character variety, with the symplectic structure Ω as defined in [Gol84, Gol97] , where C is a collection of n conjugation classes. Then Γ, the mapping class group of Σ, acts on M C (K) preserving Ω. Pickrell-Xia [PX02, PX03] established Γergodicity of the symplectic measure µ of Ω for g > 1 or n > 2 with g > 0. This was previously proved by Goldman [Gol97] when the simple factors of K are locally isomorphic to SU(2). In this paper, we study the case of Σ := Σ 1,1 . Then Γ ∼ = SL(2, Z) [FM12] .
Theorem 1.1. Let K = SU(3) and Σ = Σ 1,1 . The Γ-action is ergodic on M C (K) with respect to the measure µ.
We prove this theorem along the lines of the main results in [GX11] , showing that the traces of simple closed curves generate the coordinate ring of M C . This latter ring-theoretic statement for K = SU(3) follows from results in [Law07] .
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Notation and terminology
Denote ω := e 2πi/3 and the identity transformation by I. Let G be a group. Denote the inner automorphism induced by A ∈ G by:
The set of conjugacy classes in G equals the quotient G/Inn(G), and we denote the image of a subset S ⊆ G under the quotient map by [S]. Denote the centralizer of A in G by:
where Fix(S) is the set of fixed points of S ⊆ G.
Define the commutator map of G:
Suppose further that G is a Lie group with Lie algebra g, and denote the adjoint representation of G on g by Ad. Identify g with the Lie algebra of right-invariant vector fields on G; then for any right-invariant vector field X ∈ g, the element Ad(a)(X) equals the image of X under left-multiplication by a. Denote the centralizer of a in g by:
Denote the trace of a matrix a by Tr(a) and the λ-eigenspace of a matrix a by Eig λ (a), for a scalar λ ∈ C.
If (M, Ω) is a symplectic manifold, and M f − − → R is a smooth function, denote its Hamiltonian vector field by Ham(f ). We denote the tangent space to a smooth manifold M at a point p ∈ M by T p M .
When we say a set is closed, we mean it to be closed in the classical topology.
Character varieties and the mapping class group
We fix a base point on the boundary of Σ := Σ 1,1 . The fundamental group π = π 1 (Σ) ∼ = F 2 is generated by homotopy classes of oriented based loops α and β and they (could) intersect at the basepoint. We often do not distinguish elements in π and the oriented pointed-loops on Σ.
where σ is the boundary element. In this way, we have R := Hom(π, K) ∼ = K × K and M := R/K, where the K-action is by conjugation.
In our case, we have only one boundary circle and we let C ⊆ K be a conjugacy class and c ∈ C. Then the relative representation variety and character variety are
Again, the K c -action is by conjugation. In this way, a representation ρ ∈ R c corresponds to (a, b) ∈ K × K such that κ(a, b) = c. Notice that M c is usually and equivalently defined as
The diffeomorphism group of Σ (fixing the boundary, hence, also the base point) acts on π and this action descends to a Γ-action on π, fixing the conjugacy class of σ. This further induces an action:
The Γ-action leaves Ω and µ invariant [Gol97] . For any oriented simple closed curve α on Σ, denote by τ α the Dehn twist along α. The mapping class group Γ contains all Dehn twists; indeed the Dehn twists generate Γ (although we do not need this fact). Denote by S the set of homotopy classes of oriented simple closed curves on Σ.
Compact Lie groups
This section reviews well known facts that are used in the proofs. Generic elements are introduced; these are regular elements which are dense in their maximal tori, and provide nontrivial dynamics.
Regularity.
Suppose M is an irreducible algebraic set over R or C and M s ⊂ M its singular locus. Then U = M \ M s is a smooth manifold and Zariski dense in M . The smooth structure on U gives rise to the Lebesgue measure class on U and on M , by assigning M s to be a null set. We shall always mean this class, which coincides with the measure class discussed in the introduction [Hue95] .
Let G be a linear semisimple algebraic group over C of rank r and K < G a maximal compact subgroup. The corresponding Lie algebras are denoted by k and g, respectively.
Recall that an element a ∈ K is regular if K a has dimension r. In general, dim(K a ) ≥ r, and K a will contain a maximal torus of K. An element a ∈ K is regular if and only if K a is a maximal torus (that is, a Cartan subgroup) in K.
Recall that an action on a topological space is minimal if every orbit is dense. If a ∈ K, denote the Haar measure on K a by µ Ka and the pushforward (
Genericity.
In general regularity is too weak a notion for dynamical complexity. We introduce a notion of genericity which is more useful for constructing nontrivial dynamics.
Let (a, b) ∈ K × K. Then the cyclic group a acts on the left-coset bK a by: bζ a n −−→ bζa n where n ∈ Z and ζ ∈ K a .
Proposition 3.1. Let a ∈ K be a regular element. For any b ∈ K, the following conditions are equivalent:
• the cyclic group a < K a is Zariski dense in K a ;
• the cyclic group a < K a is dense in K a ;
• the action of a on bK a is minimal;
• the action of a on (bK a , µ ba ) is ergodic.
In this case, we say that a is generic. The proof of Proposition 3.1 uses standard facts about compact abelian Lie groups, such as: Lemma 3.2. A cyclic subgroup of K a is dense in the classical topology if and only if it is dense in the Zariski topology. Proof . Any set that is classically dense is also Zariski dense since the Zariski topology is coarser than the classical topology. We now show the converse. Clearly the cyclic group a ⊂ K a , and its Zariski-closure is also an abelian subgroup. Its closure in the classical topology We now briefly review results of Goldman [Gol86] , describing the flows generated by the Hamiltonian vector fields by simple closed curves on Σ. In this case, the local flow of this vector field on M c lifts to a flow on the representation variety R c . Furthermore this flow admits a simple description [Gol86] as follows.
4.1.
Invariant functions and flows on groups. We suppose that the adjoint representation Ad preserves a nondegenerate symmetric bilinear form , on g. In the case G = SU(n), this will be X, Y := Tr(XY ).
Let G t − → R be a function invariant under the inner automorphisms Inn(G). Following [Gol86], we describe how t determines a way to associate to every element x ∈ G a one-parameter subgroup
Taking g = x implies that the one-parameter subgroup
lies in the centralizer of x ∈ G.
Intrinsically, F (x) ∈ g is dual (by , ) to the element of g * corresponding to the left-invariant 1-form on G extending the covector df (x) ∈ T * x (G).
4.2.
Invariant functions and centralizing one-parameter subgroups. If α ∈ S is an oriented homotopy class of based loops, then t α , the trace function of α on M c , is defined as: 
Since the function G
Let α ∈ S and Σ|α denote the surface-with-boundary obtained by splitting Σ along α. The boundary of Σ|α has two components, denoted by α ± , corresponding to α. The original surface Σ may be reconstructed as a quotient space under the identification of α − with α + .
The fundamental group π can be reconstructed from the fundamental group π 1 (Σ|α) as an HNN-extension:
(2) π ∼ = π 1 (Σ|α) β βα − β −1 = α + .
A representation ρ of π is determined by:
• the restriction ρ of ρ to the subgroup π 1 (Σ|α) ⊂ π, and • the value β = ρ(β) which satisfies:
Furthermore any pair (ρ , β ) where ρ is a representation of π 1 (Σ|α) and β ∈ G satisfies (3) determines a representation ρ of π.
The twist flow ξ t α , for t ∈ R on Hom(π, SU(3)), is then defined as follows:
where ζ t is defined in (1). This flow covers the flow generated by 
The result then follows from Theorem 4.3.
The Dehn twists
Let α ∈ S and τ α ∈ Γ be the corresponding Dehn twist. The fundamental group π can be reconstructed from the fundamental group π 1 (Σ|α) as an HNN-extension as in (2). Then τ α induces the automorphism (τ α ) * ∈ Aut(π) defined by:
This further induces the map (τ α ) * on Hom(π, G) mapping ρ to: Proof. Suppose t ∈ K b . Then at = ta and t −1 a −1 = a −1 t −1 . Then
Hence (a, bt) ∈ R c . The proof of aK b × {b} ⊆ R c is similar. H (a, b) ], respectively. Proof . This follows from (4) and by exchanging α and β.
Corollary 5.3. If a is generic, then τ α acts ergodically on H(a, b).
If b is generic, then τ β acts ergodically on H (a, b).
The corollary then follows from Proposition 3.1.
The case of K = SU(3)
Let K = SU(3). The classification of conjugacy classes of K can be described in terms of the trace function Let ∆ = Tr(K).
If ζ 1 , ζ 2 , ζ 3 ∈ C are the eigenvalues of a ∈ K, then they satisfy (6) |ζ 1 | = |ζ 2 | = |ζ 3 | = 1 and ζ 1 ζ 2 ζ 3 = 1.
The coefficients of the character polynomial χ a are:
Therefore the characteristic polynomial is:
where z = Tr(a) ∈ C. Furthermore (6) is equivalent to the condition: 
We first prove: The same argument applied to b = ωa −1 ba implies b 3 = I, as claimed.
Returning to the proof of Proposition 7.1, Lemma 7.2 implies that a = Inn(g)a 0 for some g ∈ K, since a = I.
We claim that b = Inn(g)b 0 . For convenience assume that a = a 0 ; then we show that (8) implies that b is the permutation matrix b 0 defined in (7).
Recall that Eig λ (a) is the λ-eigenspace of a. We claim that (8) implies that (9) b Eig λ (a) = Eig ωλ (a).
To see this, rewrite (8) as:
Suppose that v ∈ Eig λ (a), that is, av = λv so applying (10), a(bv) = ωbav = ωλ(bv)
whence bv ∈ Eig ωλ (a), as claimed.
Since a is the diagonal matrix a 0 defined by (7), the lines Eig 1 (a), Eig ω (a), and Eigω(a) are the three coordinate lines in C 3 . Thus (9) implies that b = b 0 , concluding the proof of Proposition 7.1.
In particular, both a and b have orders 3. Since κ(a, b) has order 3 and is central, the subgroup a, b ⊂ K is a nonabelian group of order 27, a nontrival central extension of Z/3 ⊕ Z/3 by Z/3.
Ergodicity
Let K be any compact Lie group. Each tangent space T a K identifies with the Lie algebra k of right-invariant vector fields: namely, a tangent vector v ∈ T a K identifies with the right-invariant vector X ∈ k such that X(a) = v. In this way, the differential of the commutator map κ at (a, b) ∈ K × K identifies with the linear map (see [Gol84, PX02] ):
From this formula, the following proposition holds:
For the rest of the section, let K = SU(3) which comes with the standard representation Π on C 3 . An element in (a, b) ∈ R c corresponds to a representation ρ of π (see Section 2). Hence ρ • Π is a representation of π. Denote by M i c ⊆ M c the subspace of irreducible representation classes.
8.1.
Relation to the moduli space of K-bundles. If we fix a complex structure on Σ, then we can construct the coarse moduli space N ss of semi-stable parabolic K-bundles [BR89] on Σ, endowed with a complex structure. N ss contains the subspace N s of stable parabolic K-bundles. (1) (a, b) is a smooth point;
(2) T is a submersion at (a, b). This formula for c implies that κ is onto K.
Remark 8. 4 . A result of Goto [Got49] states that for any compact semi-simple Lie group K, K × K κ − − → K is surjective. Hence R c = ∅ for all c ∈ K.
